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ABSTRACT 

We  coniidcr  a  new  problan  motivated  by  robotics:  how  to  determine  shape 
and  position  from  probes.  We  show  that  3n  probes  arc  sufficient,  but  3/i  -  1  arc 
necessary,  to  determine  the  shape  and  position  of  any  n-gon.  Under  a  mild 
assumption,  3/i  probes  arc  necessary. 


This  work  is  done  under  the  auspices  of  the  NYU'CIMS  Laboratory  for  Robotics  and  Experimen- 
tal Computer  Sdcnoe.  It  is  supported  in  part  by  grants  from  the  Digital  Equipment  Corporation, 
Sloan  Foundation  and  ONR  Grant  N00014-82-K-0381. 
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1.  Introductloii 

Visual  data  (suitably  digitized)  is  traditionally  used  when  an  intelligent  automatic  system 
needs  to  determine  shape  or  locality  information  of  objects.  In  robotics,  other  types  of  sensory 
data  sudi  as  touch  and  sound  becomes  relevant.  Our  motivation  is  the  processing  of  touch-type 
sensory  data.  In  particular,  we  are  interested  in  what  we  might  call  the  'shape  from  probing' 
problem  (parallelling  the  'shape  from  shading'  problem  in  vision).  Of  course,  such  data  (wliich 
depends  on  physical  contact)  are  more  expensive,  per  unit  of  information,  than  say  visual  data. 
On  the  other  hand,  there  are  situations  where  there  is  no  alternative  to  touch-type  data:  cameras 
for  gathering  visual  data  are  more  delicate  and  more  bulky  than  a  simple  pressure  sensitive  device 
(the  'finger')  and  thus  some  awkward  positions  may  not  be  accessible  to  cameras.  It  should  be 
realized  that  the  suggestive  terms  like  touch'  and  'finger'  need  not  be  literal.  For  instance,  at  our 
robotics  laboratory,  a  practical  algorithm  very  similar  to  that  described  in  this  paper  has  been 
implemented  by  Mr.  M.  K.  Hor  using  the  IBM  RS-1  robot;  'touch'  data  is  obtained  by  an  IFD 
sensors  across  the  two  opposing  robot  fingers. 

The  addle  sensing  literature  is  growing  lihit  th^  emphasis  is  usually  on  the  physical  and  other 
properties  of  various  devices,  and  algorithms  are  generally  of  a  heuristic  nature.  See  [GLP]  for 
an  ertensive  reference.  Here  wc  have  apprciached  the  problem  from  a  p\irely  mathematical 
(geometrical)  and  complexity  point  of  view^  and  this  seems  new.  We  note  that  [GLP]  has 
independently  considered  essentially  the  same  model  of  pxobes  as  o\irs. 

We  begin  with  the  simplest  cases  in  the  plane.   Let  5  be  a  planar  body.  To  have  a  meaning- 
ful problem,  we  make  two  assumptions: 
(Al)  Rough  position:  S  contains  the  origin  0   of  the  coordinate  system.   Thus  we  do  not  have  to 

'find'  S. 
(A2)  Rough  shape:  5  is  a  dosed  convex  polgon. 

To  discover  the  shape  and  location  of  5,  we  are  allowed  probes  where  each  probe  can  be  formally 
defined  to  be  a  directed  line  L.  Informally,  imagine  a  point  from  infinity  moving  along  and  in  the 
direction  of  L  until  it  first  contacts  S.  Thus  a  probe  outcome  is  a  pair  (L,  p)  where  L  is  a  probe 
and  p  is  a  point  (the  contact  point)  on  L.  For  any  5  and  probe  L,  there  is  a  unique  probe  out- 
come (L,  p)  defined  in  the  obvious  way;  if  S  and  L  has  empty  intersection,  then  p  =  «,  the  "point 
at  infinity".   We  say  L  contacts  S  dp  #";  otherwise,  the  probe  misses  S. 


Figure  1.  Two  types  of  probe  outc»raes. 

We  begin  with  the  questions: 
(Ql)  Given  a  set  of  probe  outcomes  P,  what  can  be  deduced  about  5? 
(Q2)  What  is  the  minimum  number  of  probes,  neoessary  lb  determine  the  shape  of  5? 

The  answer  to  (Ql)  is  easy.  Let  /»  be  the  probe  outcomes  and  X  =  X{P)  the  set  of  contact 
points  of  P  together  with  the  origin  O.  Define  t^  following  sets  (figure  2)  which  partitions  the 
plane:  ..,  ,   _     ,.,,.^,  „.,,  ,. 
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Figure  2.  Deductions  about  S  from  P. 

(a)  insUit(P)  consists  of  those  points  which  are  on  or  in  the  interior  of  the  convex  hull  of  X 
-  such  points  are  surely  in  5  by  the  convexity  of  5.  inside{P)  is  a  dosed  set. 

(b)  outside{P)  consists  of  those  points  z  such  that  there  is  a  point  x  in  inside{P)  and  and  a 
probe  L  of  P  such  that  the  probe  L  would  contact  the  line  segment  joining  z  and  x 
before  (if  at  all)  it  contacts  S.  Points  in  outside{P)  are  surely  outside  S.  ouuide{P)  is 
an  open  set. 

(c)  maybe{P)  are  the  rest  of  the  points  on  the  plane.  For  any  point  p  in  maybe{P),  there 
exists  shapes  S' ,  S"  consistent  with  the  P  such  that  p  is  in  5'  (rcsp.  not  in  S"). 
maybe(P)  is  neither  open  nor  dosed. 
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Question  (Q2)  may  be  refined  into  two  questions: 
(Q3)  What  is  the  minimum  number  of  probes  needed  by  a  probt  algorithm  to  determine  the  exact 

shape  of  a  polygon? 
(Q4)  What  is  the  minimum  number  of  probe  outcomes  needed  to  verify  the  exact  shape  of  a 

polygon? 

Informally,  the  'probe  algorithm'  in  (Q3)  is  a  tree  program  with  each  node  corresponding  to 
a  probe  and  each  node  has  fijiite  outdegree.  This  means  that  the  infinitely  many  possible  probe 
outcomes  at  a  node  are  classiried  into  fiinitely  many  'types'  and  the  type  determines  the  next 
probe.  We  can  but  will  not  make  this  any  more  precise,  prefering  to  use  the  reader's  intuition.  In 
(Q4),  a  set  P  of  probe  outcomes  is  said  to  'verify'  the  shape  S  \i  S  =  inside{P)  and  maybe(P)  is 
empty.  The  distinction  between  (Q3)  and  (Q4)  is  that  between  'determinism'  and  'nondeterrain- 
ism':  we  can  just  'guess'  a  set  of  probe  outcomes  whidi  verifies  the  shape  of  S.  Qearly  any  lower 
bound  to  (CM)  applies  a  fortiori  to  (Q3).  Question  (Q4)  can  be  answered  precisely: 

2n  probe  outcomes  are  sufficient  and  necessary  to  determine  shape  of  an  n-gon. 
To  see  the  sufficiency,  we  introduce  a  prDbe§  tprtcinating  at  the  vertices  of  S  and  n  probes  ter- 
minating at  the  middle  of  the  edges  of  ,5.,-jTh^  crxidal  fact  used  is  that  any  three  colinear  contact 
points  determine  an  edge  of  5.  To  see  thcnecessitj^^of  2^  probes,  note  that  each  edge  of  5  must 
have  at  least  3  contact  points,  so  we  are  assured  o£  at  least  one  contact  point  in  the  interior  of 
each  edge.  Furthermore,  we  are  assured  of  n  morp  probes  since  each  vertex  of  S  must  be  probed. 

2.  How  to  probe  a  polygon 

We  now  present  an  algorithm  for  determining  the  shape  of  an  arbitrary  convex  /i-gon  S.  Let 
H  he  the  convex  hull  of  the  current  set  of  contact  points  (the  origin  O  will  be  inside  H).  To  dis- 
tinguish H  from  the  convex  hull  of  S,  we  call  /f  the  current  hull.  Initially,  we  obtain  H  by  probing 
the  origin  along  two  orthogonal  lines,  from  both  directions  of  each  line.  Thus  H  is  initially  a  non- 
degenerate  quadrilateral.  Suppose  that  we  have  'verified  a  contiguous  section  V  of  polygon  S'. 
More  precisely,  V  =  (pq.  .  .  .  ,  p„)  (for  some  m  a  0)  is  a  contiguous  sequence  of  the  vertices  of 
H.    These  vertices  are  distinct  except  for  the  possibility  pq  =  p„.   The  following  property  holds: 

for  1  =  0 m-1,  there  is  some  contact  point  in  the  interior  of  the  segment  [p/,P/+i]. 

Qearly  p,  (i  =  1 m-1)  are  vertices  of  S,  and  il  Pq  =  p„  then  Pq  is  also  a  vertex.   We  call 

these  the  verified  vertices.   Similarly,  \p„  p^^-j]  (/  =  1 m-2)  are  edges  of  S,  and  if  po  =  p„ 

then  both  [pq,  p,]  and  [p„_i,  p„]  are  also  edges.  We  caU  these  the  verified  edges.  If  Pq  and  p„ 
are  distinct,  the  edges  [po,  pj  and  \p„-i,p„]  are  called  semi-verified.  (Remark:  there  are  no 
corresponding  'semi-verified  vertices'.)  Note  that  semi-verified  edges  are  guaranteed  to  be  part  of 
actual  edges.   Furthermore,  we  inductively  assume  that  two  other  properties: 
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(a)  Among  the  verified  and  seroi-verified  edges  of  V,  all  except  one  have  at  most  four  contact 
points.  The  one  exception  may  have  up  to  five  contact  points. 

(b)  For  any  other  edge  \p,  q]ofthc  current  hull  H,  there  are  no  contact  points  in  the  interior  of 
\p,  q].   Such  edges  are  called  unverified. 

Thus  property  (b)  implies  that  V  is  uniquely  defmed  and  the  unverified  (respectively,  the 
verified)  edges  form  a  contiguous  section  of  H.  These  two  sections  (if  both  non-empty)  are 
separated  by  serai-verified  edges.  Initially,  V  is  empty  and  when  every  edge  of  //  is  verified  our 
algorithm  halts.  It  is  dear  that  S  is  completely  determined  when  the  algorithm  halts.  We  now 
show  how  to  make  a  new  probe  which  maintains  the  above  hypothesis. 

First  we  introduce  a  definition  which  will  be  useful  in  the  lower  bound  proof  also.  Let  [q,  r] 
be  any  edge  of  H,  and  let  the  edges  on  each  side  of  [q,  r]  be  [q' ,  q]  and  [r,  r'].  Extend  these 
edges  to  the  rays  q'~q  and  r' ^r  where  q'  ^  vi  th&  ray  originating  at  q'  and  passing  through  q. 
The  closed  region  bounded  by  [q,  r]  and  the  two  rays  is  denoted  by  W[q,  r].  Qearly  this  region  is 
triangular  if  it  is  finite. 

The  algorithm  continues  as  long  as  some  edge  [q,  r]  of  ^  is  unverified.  Let  [?,  r]  be  chosen 
such  that  it  is  contiguous  to  V  (if  V  is  em|jty,  then" any  edgb  will  do).  If  W^^,  r]  is  finite,  then  let 
;>  be  the  third  vertex  of  W[q,  r];  otherwiselet  >  be  the  midpoint  of  [q,  r].  We  aim  a  probe  at 
point  p  with  a  direction  which  passes  tlirough  the  origin.  ^If  the  contact  point  x  \s  p  then  p  is 
dearly  a  vertex  of  the  polygon  and  we  have  extended  V.  If  x  is  in  the  interior  of  the  edge  [q,r], 
again  V  is  extended.  The  final  possibility  is  that  x  becomes  a  new  vertex  on  the  convex  hull  //; 
then  the  number  of  unverified  edges  is  inaeased  by  one.  In  all  cases,  our  inductive  hypothesis  can 
be  verified. 

We  have  shown  that  a  probe  can  be  chosen  so  that  either  the  number  of  unverified  edges  is 
increased  or  V  is  extended.  Qearly  we  cannot  extend  V  to  more  than  n  verified  or  semi-verified 
edges.  On  the  other  hand,  it  is  easy  to  see  that  the  number  u  of  unverified  edges  satisfies  the  con- 
straint that  «  s  2(n  -  m  -  1).  So  eventually,  the  algorithm  has  to  halt.  But  hypothesis  (a) 
implies  that  at  most  3n-H  probes  have  been  made  (ie.  n  contact  points  to  verify  the  vertices  and 
at  most  two  contact  points  in  the  interior  of  each  edge,  excqjt  for  one  edge  which  may  have  three 
contact  points  in  its  interior).  This  proves  a  3/i-t-l  upper  bound  on  the  number  of  probes. 

An  Improvement  We  now  modify  the  above  algorithm  to  obtain  a  slighdy  better  bound. 
The  idea  is  to  ensure  that  the  last  edge  of  the  convex  hull  to  be  verified  has  only  one  contact  point 
in  its  interior,  thus  saving  one  probe.  Now  we  will  exploit  our  knowledge  of  0  in  a  new  way.  We 
will  describe  the  modified  algorithm  in  three  phases. 

The  first  phase  lasts  as  long  as  every  edge  of  the  current  hull  H  is  unverified.  In  this  phase, 
probes  are  always  chosen  to  approach  from  below  the  x-axis.   More  precisely,  we  initially  choose 
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two  probes  aimed  at  O  from  below  the  jc-axis.    Suppose  that  m  general,  after  it+1  probes,  the 

current  hull  is  W  =  (O,  q^ q^^  (*  &  1),  where  all  the  q^  are  below  the  Jc-axis.   So  there  are 

no  verified  or  scrai-verified  edges.  We  now  probe  any  edge  [9,,  q^^^{i  =  Q,  .  .  .  ,  Jk-l)  by  using 
a  probe  from  vertically  below.  Qearly  the  probe  will  make  a  contact  point  below  the  x-axis.  It  is 
easy  to  see  that  this  state  of  affairs  {\\z.  every  edge  of  W  is  unverified)  must  end  with  the  Z* 
probe  for  some  ;s2n  +  lif5hasn  sides.  We  note  a  property  (useful  below)  resulting  from  our 
choice  of  probes: 
(•)     The  lines  ^q^,  and  <7i_-.<7i  intersects  below  the  x-axis. 

Let  V  =  (pc.  .  .  .  .  p^  be  the  contiguous  section  of  the  current  hull  as  in  the  original 
description.  Thus  at  the  beginning  of  the  second  phase,  V  consists  of  a  single  serai-verified  edge. 
The  second  phase  continues  as  long  as  there  are  semi- verified  edges  in  V.  Each  probe  in  this 
phase  converts  a  semi-verified  edge  into  a  verified  one.  To  convert  the  semi-verified  edge 
\p„-\,  p„]  we  send  a  probe  which  is  the  directed  line  L  =  p„_i  p„.  Thus  L  will  contact  the  vertex 
u  (possibly  u  =  p„)  of  S  such  that  \p„-x,  u\  iylto  edge  of  5.  Note  that  we  may  now  have  a  new 
semi-verified  edge  of  the  form  [u,  q,]  for  some  contact  point  ^,  obtained  in  phase  1;  in  that  case, 
we  have  to  continue  to  convert  [u,  q^]  by' the  salme  method.  However,  if  v  is  above  the  x-axis, 
then  there  is  no  such  contact  point  u,  and  this  conversion  process  stops.  It  easily  follows  that  the 
process  must  eventually  stop.  Let  jjq  be  thefilast'Vcrtex  to  be  verified  when  the  conversion  process 
stops.  In  a  similar  way,  we  caii  convert  the  semi-verified  edge  [pg,  />J,  continuing  as  long  as  a 
new  semi-verified  edge  is  created  by  ouf'prob^.  Lbt  Uj  be  the  last  verified  vertex  so  obtained.  It 
now  follows  from  property  (*)  above  tliat  kq  and  u^  ait  distinct. 

Hence  the  algorithm  must  enter  the  third  phase  in  which  we  have  the  following  indxictive 

hypothesis  about  V:  V  is  a  sequence  (pg p„)  of  distinct  points  such  that  p,  (i  =  0,  .  .  .  ,  m) 

are  distinct  verified  vertices  and  [py-i,  Py]  0  =  1 m)  are  verified  edges.  With  one  excep- 
tion, each  edge  [py_;,  pj]  (J  =  \,  .  .  .  ,  m)  contains  exactly  4  (not  necessarily  distinct)  contact 
points,  and  hence  has  at  most  2  contact  points  in  its  interior.  The  exceptional  edge  has  5  contact 
points.  Furthermore,  any  edge  of  the  current  hull  H  which  is  not  in  V  has  no  contact  points  in  its 
interior  --  these  are  the  unverified  edges.  The  algorithm  continues  to  probe  as  long  as  there  are 
unverified  edges.  We  probe  an  unverified  edge  [q,  r]  which  is  contiguous  to  V  as  in  the  original 
algorithm.  There  are  three  possibilities:  (i)  If  the  probe  produces  a  new  vertex  on  H,  the  induc- 
tive hypothesis  is  maintained,  (ii)  If  the  probe  outcome  aeates  a  semi-verified  edge,  we  immedi- 
ately make  another  probe  to  convert  the  semi-verified  edge  and  continue  if  needed,  as  in  phase 
two.  When  the  conversion  process  stops  the  inductive  hypothesis  is  restored,  (iii)  Fuially,  the 
probe  can  produce  a  new  verified  edge  •-  this  happens  precisely  when  ^,  r  are  the  verified  vertices 
Pq,P„  and  the  new  contact  point  lies  in  [q,r].    We  end  phase  three  and  also  the  algorithm 


precisely  under  this  condition. 

To  see  that  the  new  algorithm  makes  3n  probes,  note  that  the  inductive  hypothesis  in  phase 
three  implies  that  exactly  3m  +  2  contact  points  lie  on  the  verified  edges  of  V  =  (p^,  ....  p^). 
Since  m  equals  n-1  just  before  the  last  probe  is  made,  this  proves 

Theorem:  The  modified  probe  algorithm  determines  an  n-gon  with  3n  probes. 

3.  The  Complexity  of  Probing 

We  now  prove  a  lower  bound  of  3/i  -  1  on  the  number  of  probes  required  by  any  probe 
algorithm.  This  is  done  by  constructing  a  suitable  'adversary'  to  force  any  algorithm  to  make 
many  probes.  For  any  probe,  our  adversary  has  to  spedfy  a  contact  point  which  is  consistent  with 
the  answers  given  so  far.  For  book  keeping  purposes,  we  maintain  a  sequence  Q  of  points  which 
will  help  in  answering  any  probe.  (Note:  mostibutBOt  all,  of  the  points  in  C  are  contact  points  of 
pjrobes.)  It  turns  out  that  our  lower  boimd  ira^cjygSfbyjone;  jprobe  if  we  make  the  following 

"■:.;i;,;.    3uTC.    •:.■■: 
Mild  Assumption:    A  probe  which  intersects  Si^ut  iwses  the  interior  of  S  (thus,  the  probe  just 
touches  a  vertex)  yields  a  contact  point  at  infinity^  j.,  ^..,,  j,^ 

We  start  in  the  middle  by  stating  our  inducdyCiJiyspothesis.  Suppose  that  the  algorithm  has 
made  at  least  it  probes  so  far  (2n  >  )k  2  2)-Mid  we  hayp  a  sequence  of  points  Q  =  (pq.  .  .  .  .  p^) 
(in  cyclic  clockwise  order  about  the  origin)  with  the  f-oUowisg  properties.  Let  f/  be  the  dosed  con- 
vex region  bounded  by  the  convex  hull  of  the  points  in  Q.  Each ;?,  (i  =  0 Jt)  is  a  vertex  of 

H  (so  no  edge  has  a  contact  point  in  its  interior).  For  each  side  [p^,  /7,+i]  (subscript  arithmetic  is 
modulo  *+l),  recall  the  closed  region  W\pi,  Pz+J  defmed  in  the  previous  section.  Let  R  denote 
the  union  of  the  W\p^,  /7,+.]  (i  =  0,...,  k)  together  with  H.  If  /?  is  fmite  then  it  has  a  'star'  shape. 
If  /»  is  the  current  set  of  k  probe  outcomes,  we  will  inductively  maintain  the  property  that  R  has 
empty  intersection  with  outside{P). 

Now  we  show  that  for  any  probe  L,  we  can  specify  a  contact  point  xior  L  while  maintaining 
the  induction  hypothesis  concerning  Q.  li  L  misses  R,  then  let  x  be  the  point  at  infinity  and  the 
hypothesis  remains  true  without  changing  Q.  Next  suppose  L  intersects  R.  Now,  in  addition  to 
specifying  the  contact  point  x,  we  will  choose  a  point  p  such  that  inserting  p  into  Q  will  maintain 
the  induction  hypothesis.  Pick  i  so  that  W  =  W\pi,  p;+ J  contains  the  first  intersection  point  of  L 
with  R.  Fu^t,  suppose  L  intersects  R  but  misses  H.  Again,  let  x  be  at  infmity.  If  the  intersection 
of  R  with  W  degenerates  to  a  single  point  then  let  p  to  be  any  point  in  the  interior  of  W.  Other- 
wise, intersection  of  W  with  Z.  is  a  line  segment  with  distinct  endpoints  q  and  r: 


r-oo 


p^>; 


Figure  3.  The  probe  misses  the  current  hull  H. 

If  p'  is  the  intersection  of  the  diagonals  of  the  quadrJateral  qrptPi^^,  we  pick  p  to  be  any  point  in 
the  interior  of  the  triangle  Ap'p^P(+i.)  Finally,  suppose  that  L  docs  not  miss  H.  Suppose  that  L 
intersects  the  contact  point ;?(  (rcsp.  p,+i).       tu^^::- 


Figure  4.  The  probe  intersects  H. 

Then  choose  x  to  be  ;?,  (resp.  p^+i)  and  ;j  to  be  any  interior  point  in  W.  If  L  misses  both  p,  and 
p,+i  then  choose  x  =  ;?  to  be  any  point  in  the  interior  of  the  segment  L  H  W.  It  is  not  hard  to 
verify  that  the  insertion  of  x  into  Q  will  satisfy  the  inductive  hypothesis. 

We  now  show  how  to  derive  the  lower  bound.  Qearly  the  algorithm  must  continue  to  probe 
as  long  as  the  inductive  hypothesis  is  true.  Eventually,  C  has  Jt  +  1  =  2n  points.  Consider  the 
next  probe  L.  U  L  docs  not  intersect  the  interior  of  R  then  let  the  contact  point  x  be  at  infinity. 
Otherwise  we  choose  x  to  be  the  first  point  in  (the  boundary  of)  R  that  L  contacts.  If  x  is  not  at 
infinity,  assume  without  loss  of  generality  that  x  is  on  the  line  through  the  segment  [po,  pj.  We 
now  make  the  sides  [p^j-i,  py]  for  «  =  1,  ....  n  be  part  of  actual  sides  of  the  n-gon  S.  The 
algorithm  still  has  to  verify  the  n  comers  of  the  5.  The  total  number  of  probes  is  therefore 
2n  -  1  (for  Q  to  attain  2n  points)  plus  1  (for  L)  plus  n  (to  verify  the  comers).  (Note  that 
without  the  mild  assumption,  L  could  be  a  line  which  misses  the  interior  of  /?  but  passes 
through  two  consecutive  vertices  of -tb*  R :  one  of  the  two  vertices  must  yield  a  contact  point  if  5  is 
an  n-gon.    This  yields  a  lower  bound  of  only  3/i  -  1.)  Except  for  showing  how  to  get  the 
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induction  hypothesis  started,  we  have  proven 


Theorem:    Every  probe  algorithm  which  determines  the  shape  of  an  n-gon  makes  at  least  3/t  -  1 
probes  in  the  worst  case.   Under  the  mild  assumption,  3n  are  required. 

It  remains  to  show  how  to  get  the  sequence  Q  started.  This  is  quite  involved.  First  we 
assume  that  the  first  probe  Lq  is  aimed  at  the  origin  0  and  arbitrarily  choose  pg  at  unit  distance 
from  the  origin  as  the  contact  point. 

Cxise  1:  The  second  jjrobc  L-^  is  aimed  at  Pq.  Let  the  contact  point  be  pg  (again).  We  now 
claim  that  regardless  of  the  choice  of  the  tliird  probe  L2,  we  can  find  three  other  points  p, ,  pj.  Py 
such  that  Q  =  (pg.  ■  ■  ■  .  Pi)  satisfies  the  hypothesis.  Note  that  if  /»  is  the  set  of  outcomes  of  Lg 
and  Ij  then  W  =  outside{P)  is  wedge-shfifc  region  (with  veitex  pg).  If  L,  is  aimed  at  pg  from  a 
direction  inside  W  then  pg  is  again  the  contact  point.  In  -tliis  case  we  can  easily  choose  Q  as 
claimed: 


W     .       /La 


Figure  5.  Two  subcases  of  Case  1 

If  L,  has  any  other  form  (aimed  at  [0,  pg)  or  not),  we  cboose  any  p^  in  L2  H  maybe{P)  to  be  the 
contact  point.  It  is  then  not  hard  to  choose  pj  and  py 

Case  2:  The  second  probe  Li  is  aimed  at  the  segment  [0,Pf^.  We  again  choose  the  contact 
point  pi  to  be  at  unit  distance  from  O.  Consider  the  third  probe  L^.  If  L,  i^  aimed  at  pg  or  p^ 
then  this  (essentially)  reduces  to  case  1.  So  assume  otherwise.  Subcase  2.1:  If  Lj  is  aimed  at  the 
triangle  AOpgPj  then  choose  the  contact  point  pj  to  be  at  unit  distance  from  0.  Then  it  is  not 
hard  to  choose  a  fourth  point  P3  at  unit  distance  from  O  such  that  letting  Q  be  (pg.  .  .  .  ,  P3)  (suit- 
ably rearranged)  satisfies  the  induction  hypothesis.  The  following  picture  shows  the  two  possibili- 
ties depending  on  whether  pj  is  on  the  major  or  minor  arc  defined  by  pg,  p^  on  the  unit  cirde: 
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Figure  6.  Subcase  (2.1):  Lj  aimed  at  the  triangle. 

We  leave  the  easy  details  of  this  subcase  to  the  reader.  Subcase  2.2:  If  the  third  probe  Lj  misses 
the  triangle  AOpop^,  we  let  the  contact  point  be  at  infinity.  It  is  also  not  hard  to  choose  two 
points  P2  and  p^  such  that  Q  as  (pq,  .  .  .  ,  p^)  satisfies  our  induction  hypothesis.  The  following 
picture  shows  the  two  possibilities,  depfeding  on  whether  the  origin  is  the  vertex  of  AOp^p^ 
farthest  from  L^  or  not: 


Figure  7.  Subcase  (2.2):  Lj  missing  the  triangle. 

To  see  how  the  choice  of  P2  and  p^  is  doiie,  suppose  first  that  0  is  not  a  vertex  farthest  from  Lj. 
Choose  a  point  (j  on  1,2  such  that  O  is  inside  triangle  qpQ  p^.  Choose  P2  (resp.  p^)  on  the  segments 
[<7,  Pi]  (resp.  [q,  Pq])  so  that  [pj,  P^]  a  parallel  to  Lj  and  O  is  inside  the  quadrilateral  pg  p^  p^  py 
Hence  we  next  suppose  O  is  a  (not  necessarily  unique)  farthest  vertex  from  L^-  Let  m  be  the  mid- 
point of  [pq,  Pi].  Choose  q  (resp.  r)  on  Lj  such  that  the  line  ^  (resp.  rf)  is  parallel  to  [O,  m]. 
Now  perturb  both  q  and  r  so  that  they  are  each  moved  away  from  each  other.  If  q'  and  r'  are 
the  perturbed  positions,  let  the  rays  ^y'-pg  and  r'-pj  meet  at  pj.  Also  let  the  rays  ^'-pj  and  r'^Q 
meet  at  pj.  It  is  not  hard  to  verify  that  these  choices  for  P2,  p^  will  work.  Observe  that  subcase 
(2.2)  does  not  depend  on  the  fact  that  pg  and  p^  are  at  equal  distance  from  O;  in  the  next  case, 
this  fact  will  be  used. 


Cmse  3:  the  second  probe  £,,  raissca  the  segment  [O,  pj.  We  choose  the  contact  point  to  be 
at  infinity  and  consider  the  action  of  the  third  probe  Z-j-  If  ^2  i*  aimed  at  the  segment  [O,  pj,  we 
let  the  contact  point  pj  be  any  point  in  the  half-plane  of  L,  containing  0.  We  can  choose  pj  and 
Pj  just  as  in  subcase  (2.2),  although  p^  may  not  be  at  unit  distance  from  O.  Hence  we  assume  that 
L2  olso  misses.  We  now  consider  the  action  of  the  fourth  probe  Lj.  If  L3  misses  the  segment 
[O,  Pq]  (resp-  is  aimed  at  pj  we  choose  the  contact  point  be  at  infinity  (resp.  pj.  We  now  have 
to  choose  four  points  pj,  .  .  .  ,  p^  such  that  letting  C  =  (po  .  .  .  ,  pj  satisfies  the  induction 

hypothesis.   Let  R  =  R(pq pj  be  the  dosed  star-shaped  region  corresponding  to  this  choice 

of  Q.  The  problem  reduces  to  the  following:  -^..^ 


Figure  8.  The  region  G  and  wedge  W. 

(•)     Let  G  be  any  open  convex  region,  and  W  be  any  dosed  convex  wedge-shaped  region  whose 
unique  vertex  is  pq.    If  pg  is  in  G  and  the  origin  O  is  in  G  -  W,  then  we  can  choose  four 

point  pi p^  such  that  the  star-shaped  region  R  =  R(pq.  ....  pj  lies  inside  G,  O  is 

contained  in  the  pentagon  (po  •  ■  ■  .  Pi)  and  R  H  W  =  Pq. 
We  leave  (•)  as  an  exerdse  for  the  reader.  Hence  we  will  now  assume  that  Lj  is  aimed  at  the 
half -dosed  segment  [O,  Po).  Let  W  be  the  wedge  (qtiadrant)  defined  by  L■^  and  Lj  and  containing 
O.  Note  that  pq  is  inside  W.  We  may  assume  that  the  line  L^  separates  pq  from  the  direction  of 
approach  of  Lq  (otherwise,  Lj  separates  them,  but  our  method  is  symmetrical  in  this  case).  We 
will  consider  the  action  of  Lj  in  two  subcases  below.  For  each  subcase,  we  will  choose  a  contact 
point  pj  on  Lj  and  three  other  points  pj,  pj^  p^  such  that  Po  .  .  .  .  P4  satisfy  the  hypothesis  on  Q. 
If  the  region  R  corresponding  to  G  =  (po  •  •  •  .  /»<)  is  finite,  then  J7  has  the  shape  of  a  '5-point 
star'  with  the  p/$  corresponding  to  the  concave  vertices.  Let  ^/  be  the  convex  vertex  of  R  oppo- 
site p,: 
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Figure  9.  The  star-shaped  region  R 

U  R  is  not  finite,  one  or  two  of  the  q,  will  be  'at  infinity*.  Sometimes,  in  our  description  below,  it 
is  convenient  to  specify  ly/s  rather  than  the  p^'s.  It  is  also  often  convenient  to  specify  q,  as  a  point 
on  the  boundary  of  W.  Strictly  spcaldng  this  is  incorrect  and  it  is  implicit  that  the  real  choice  is  an 
infinitesimal  perturbation  of  the  q,  to>*'arcis-thc  interior  of  W.  We  call  Lq  the  horizon  and  define 
the  notions  of  'above'  and  'below'  with  respcctjo  thi?  horizon.  We  may  assume  that  the  intercept 
of  L  and  Lj  is  below  the  horizon.  Wt  now  consider  the  subcases. 

Sobcase  3.1:  L^  is  aimed  at  the  segmoxt^O,  Pq]  from  'above*. 


2 

Figure  10. 
Subcase  (3.1):  Lj  approaching  from  above  the  horizon  Lq. 

Oioose  <7o  to  be  the  intercqjt  of  horizon  with  Lj-  Choose  the  contact  point  of  1,3  to  be  p,^  above 
the  horizon.  By  making  p.  sufficiently  dose  to  the  horizon  we  can  ensure  that  p,  q^  (rcsp.  p.  pq) 
intersects  Z,.  (resp.  L-,J  at  a  finite  point  above  the  horizon.  Let  this  intercept  be  q^  (reap.  q^). 
Choose  q.  on  the  ray  q^-^pQ  in  the  region  W  below  the  horizon  such  that  the  line  q^  ^4  separates  O 


frcjin  qQ.   Tim  corapletdy  determines  Q 


Lq  i'lonzon  ) 


'^       LI 

Figure  11.  Subcase  3.2:  Lj  aimed  from  below. 

Subcase  3.2:  Lj  is  aimed  at  [0,  pj  from  'below*.  We  choose  q^  as  before.  Choose  the  con- 
tact point  for  Lj  to  be  ;74,  below  the  horizon.  ■  By  making  774  sufficiently  dose  to  the  horizon,  we 
can  ensure  that  p^  p^  intersects  L-  above  the'horirotf  at  a  finite  point  ^3.  Choose  q-^  and  q2  to  be 
<?77o  n  L2  and  q^iDL,  respectively.  FmaHy,  diodse  pj  (r«p.  Pi)  on  [q^,  q^]  (resp.  [q^,  q^) 
such  that  p.  Pi  passes  through  (?.  and  separates  0  iitymq^.  The  intersection  of  pj  p^  with  p^  p-  is 
<?4  which  may  be  at  infinity.  This  completes  the  description  of  Q. 

We  now  conclude  our  initialization  for  Q.  Suppose  that  the  first  i  a  0  probes  misses  the  ori- 
gin, but  the  (/+l)st  probe  L  is  aimed  at  the  origin.  We  let  the  contact  points  for  the  first  i  probes 
be  at  infinity.  Suppose  i  s  3.  We  let  the  ojntact  point  f or  Z,  be  be  anywhere  in  the  interior  of 
maybe(P)  where  P  is  the  set  of  the  first  i  probe  outcomes  (note  that  inside{P)  consists  of  jxist  the 
origin  0).  The  problem  is  then  reduced  to  the  preceding  considerations.  K  i  a  4,  it  is  not  hard 
to  choose  five  points  to  begin  the  induction  on  Q  (this  is  easier  than  problem  (•)  above). 

4.  Final  Remarks 

It  is  interesting  to  note  that  if  one  is  told  in  advance  the  number  of  sides  of  the  polygon  S 
then  the  lower  botind  of  3/i  is  inapplicable.  As  a  counterexample,  if  we  are  told  that  S  is  a  trian- 
gle, then  8  probes  are  sufficient.  We  can  still  obtain  a  Zn  +  l  lower  bound  using  essentially  the 
same  proof,  however.  The  actual  gap  between  this  version  of  the  problem  and  the  original  is  not 
known. 

We  are  exploring  a  variety  of  other  questions  in  this  and  related  models  of  probes.  For 
instance,  the  identification  problem:  given  a  finite  collection  of  polygons,  preprocess  them  so  that 
when  an  arbitrary  polygon  P  is  given,  we  can  identify  P  as  one  of  the  preproccsscd  ones  or  recog- 
nize that  P  is  different  from  aD  of  them.   Two  other  directions  are  to  apply  our  model  to  three 
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dimensiom  and  to  introduce  a  model  of  error  into  the  probes. 
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